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CHAPTER 1 
Introduction

There are many names to call this method, but it is one of the first regression models that people lean in STAT 101.  It is a technique to understand a relationship between an outcome variable (also called dependent variable) and predictor variables (also called independent variables).
Let’ start

We use an example of taxi fare.  We can have more than one predictor variable, but for simplicity we just use one predictor variable, distance of travel.

Taxi fare: X

Distance of travel: Y

Imagine that you are trying to invent OLS regression model.  Nobody in the world knows yet what OLS regression is.  Now the question is “How do you go about knowing the strength of relationship between X and Y here?”
The first thing you can do easily is to call a cab company and obtain detailed information about the cost of taking a cab.  But what if they don’t tell you?  You have to take cabs many times yourself and try to figure out from your data.  Let’s do that.  For this experiment you took a cab three times.  You enter your observations into an Excel sheet:

	 
	Distance (miles)
	Fare 

($)

	1st time
	5
	6

	2nd time
	7
	8

	3rd time
	9
	12


You graph your observations.  This is one way to know if distance has anything to do with fare. (By the way, the excel sheet I used for this presentation can be downloaded at www.estat.us/sas/OLS.xls )
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What about drawing a line on the graph to express the relationship better.  I used a MISCROSOFT ® PAINT to draw a line on a graph.  I carefully draw this line, following my intuition.

[image: image2.png]Fare (6)

Cah ride: Distance and Fare

—

2
0

o 2 a . s 0

Distance (mile)




Something is not right.  Let’s use a straight line instead, so it looks better:

[image: image3.png]Fare (6)

Cah ride: Distance and Fare

B

2
0

o 2 a . s 0

Distance (mile)




How do I know I drew a line correctly?  Actually I don’t know if it is a correct line.  After all, I just draw a line that looked right to me.
Is there a mathematical way to draw a correct line?  

Before thinking like a mathematician, let’s cheat a little bit here.  We are still inventors; trying to invent an OLS regression model, so please don’t forget that spirit.

Let’s use EXCEL to draw a line.  Right-click on the dots and choose ADD TREND LINE. 
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Also click on Options.  Click on Display Equation on chart.  Also click on Display R-squared value on chart.  Click OK.
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As a result I got this on the graph:
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What is y=1.5x – 1.83333? (Ignore R-square for now).  This equation is usually written in this way:

y = -1.83333 + 1.5x

This equation is showing you the relationship between X and Y.  To understand OLS regression, you need to know how we obtained this equation y = -1.83333 + 1.5x.  

Where did -1.83333 come from?  It is called an intercept.

Where did 1.5 come from?  It is usually called the effect of X.  It is also called a slope for X.

To be able to say that the relationship between X and Y can be expressed in such a tight mathematical expression … is neat.  It is better than using a lousy graph like this:
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Now we established why we need a regression model like OLS regression.  We need it because an alternative like a graph above is just way too intuitive and imprecise.

When I have a chance next, I will write about the questions I raised:

Where did -1.83333 come from?

Where did 1.5 come from?

Also later I will write about standard errors we can derive for these “estimates.”  By estimates I am referring to the numbers above -1.83333 and 1.5.

What I wrote here is usually referred to as “parameter estimation.”
DISCUSSION TOPICS
Q1. Both of the graphs below are not so great.  I just handwrote the line on the left graph.  For the graph on the right, I just used a straight line—without thinking too much about it.  But why do we feel that one is better than the other?
[image: image9.png]Fare (6)

Cah ride: Distance and Fare

—

2
0

o 2 a . s 0

Distance (mile)



[image: image10.png]Fare (6)

Cah ride: Distance and Fare

B

2
0

o 2 a . s 0

Distance (mile)




Q2. Compare the two graphs below.  On the left, I have a graph where I draw a straight line just by my intuition.  For the graph on the right, I used EXCEL to add a line.  Talk about the differences in intelligent ways.  (I know I haven’t covered what algorithm EXCEL uses to draw this line, but please do your best.)
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Q3. Why do you think we want to draw a line on a graph?  Why is it useful?  Does it help you to predict anything?
Q4. What kind of algorithm do you think EXCEL is using to determine the line????  In other words, what kind of mathematical expression may do a trick?  Can you guess at all?
HINT: if you have to use your intuition to draw a line—without relying on a mathematical algorithm, what kind of intuition are you using?  
Chapter 2 
[image: image13.emf]Cab ride: Distance and Fare

y = 1.5x - 1.8333

R

2

 = 0.9643

0

2

4

6

8

10

12

14

0 2 4 6 8 10

Distance (mile)

Fare ($)


How does EXCEL compute 1.5 as a slope for the line?  How does Excel compute -1.83333 as a value for an intercept?

Excel used an algorithm called OLS (Ordinary Least Squares).  Intuitively, it does what you would do when you have to draw this line by hand.  You somehow try to draw a line that goes through the data.  For example, you feel the LEFT one is better than the RIGHT one.  I did both of them by guessing.
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WHY?????  The line has to be somehow close to all observations on the graph, which is why.

In fact, a mathematically derived line (the line done by EXCEL) is the line that MINIMIZES the distance between each observations and a line. 
So again this graph done by Excel has a line that minimizes the distance between the observations and the line.
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I want to make one more point about such a line.  Imagine data points are cookies and you are holding all these cookies on the plate (and the plate doesn’t have a weight for some mysterious reason.)  You have a straight stick.  Try to put a stick underneath the plate, but when you do this, place a stick to the bottom of the plate, such that the plate makes a perfect balance (meaning the cookies don’t fall).  If you somehow place the stick underneath the plate in a way that cookies don’t fall, then you are creating a perfect line that minimizes the distance between the stick and each cookie.

Now please go ahead and figure out what kind of algorithm would allow it to happen.  What kind of algorithm allows you to obtain the numbers like 1.5 and -1.83333, both of which allow you to construct an equation?
Y= -1.833333 + 1.5*X

By the way, what is an algorithm?  It is like a black box.  You feed in X and Y and you get a slope and a coefficient for an X.  What kind of box will get you 1.5 and -1.8333 when you enter this data?

	 
	X: Distance (miles)
	Y: Fare 

($)

	1st time
	5
	6

	2nd time
	7
	8

	3rd time
	9
	12


Chapter 3 

In this chapter we will talk about this algorithm:
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(copied from http://en.wikipedia.org/wiki/Least_squares )

So the data is this:

	 
	X: Distance (miles)
	Y: Fare 

($)

	1st time
	5
	6

	2nd time
	7
	8

	3rd time
	9
	12


In put these into matrices:
y={6, 
   8, 
   12};

x ={1 5 ,

    1 7,

    1 9};

And the following is the OLS algorithm.  T means “transpose.”  INV means “inverse.”  Those are built-in functions.  And as you know, x and y are data matrices that I just defined above.
beta=(inv(t(x)*x))*(t(x)*y);

That’s it????

Yes.    
What are those 1’s?

You need that column to get an intercept value.  Just trust me on this and don’t ask me why...  after all I didn’t invent this myself, but I know it works.
Okay.  That is fine.  
In SAS, you run this syntax.  This procedure is called IML (Interactive Matrix Language).  
proc iml;

y={6, 

   8, 

   12};

x ={1 5 ,

    1 7,

    1 9};

beta=(inv(t(x)*x))*(t(x)*y);

print beta;

And this is the result for beta (the right side of the equation):

                                              beta

                                           -1.833333

                                                 1.5

The result is the same as what you got earlier in the Excel calculation!  Remember this?
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That is so awesome.  It takes only one line of matrix calculation.  I don’t exactly know what it is doing, but it does get the same result as the Excel function for OLS.
I know.  And what is even cooler is that you can add more columns to X matrix and get the results.  
Okay, so what if we do this?  I just add a new column to X.  I added 0, 4, and 1 (just random numbers) to X.  The rest stays the same.
proc iml;

y={6, 

   8, 

   12};

x ={1 5 0,

    1 7 4,

    1 9 1};
beta=(inv(t(x)*x))*(t(x)*y);

print beta;

This was the result:

                                              beta

                                           -1.857143

                                           1.5714286

                                           -0.285714
Now the result matrix has a new value added to it.
Yes, OLS regression can include more than one variable.  You just add new columns to X and you get results!  In this simulation, 
                                              beta

                                   -1.857143  ( This is an intercept

                                    1.5714286 ( This is a coefficient for the first X

                                  -0.285714 ( This is a coefficient for the second X
Chapter 3 More on xxx

Still talking about this:
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What is matrix calculation?
Let’s examine matrixes one by one and study what calculations occurred.  The first two are simply defining matrices.

y={6, 

   8, 

   12};

This means:

I decided to call this entity Y (and the name can be whatever, like Z or John, or LOL).  The matrix looks like this if I use an equation editor (instead of SAS syntax):
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The following is X in SAS syntax.
x ={1 5,

    1 7,

    1 9};
If I use an equation editor:
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And the following is the actual calculation (previous ones were simply definition of matrices).  If you know computer programming, you first define some things before doing calculation with them.  The same idea).
Again this is the main calculation.  What is going on here?

beta=(inv(t(x)*x))*(t(x)*y);

This means:

beta =
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To understand what is going on, you need to understand what it means:

· to transpose a metric

· to multiply a matric by a matric

· to get the inverse of a matric 

What is to transpose?  It means to flip a metric like this:
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Got it?
Now we know what TRANPOSE means, so we can clean up the equation a little bit.  

	OLD
	NEW
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	beta =
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How can one multiple a metric by a metric?

With simple numbers…

3 * 4 = 12

4 * 5 = 20

where * indicates “times” or multiplication

But what about a matric by a matric?
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The answer is:
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 Figure this out yourself.

3 is a result of (1*1)+(1*1)+(1*1)
21 is a result of (1*5)+(1*7)+(1*9)

21 is a result of (5*1)+(7*1)+(9*1)

155 is a result of (5*5)+(7*7)+(9*9)
What is the inverse?
The inverse of 3 is 1/3.  1/3 is the inverse of 3 because (3 times 1/3)=1.  Confirm:

3 * 1/3 = (3*1)/3 = 1.  
Similarly:

The inverse of 4 is 1/4. 

The inverse of 5 is 1/5. 

The inverse of 99999 is 1/99999.
Got it?

But what is the inverse of a metric???

The inverse of a metric is the one that returns an identity metric.

What????  

UNDER DEVELOPMENT
UNDER DEVELOPMENT

UNDER DEVELOPMENT

UNDER DEVELOPMENT

UNDER DEVELOPMENT

Chapter 4 

Next topic is standard errors.  So far we talked about “parameter estimates.”  We obtained values for an intercept and coefficients.  They are “parameters.”  Next step is to obtain standard errors.
Chapter 5
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